We investigate the properties of a spinless Fermi gas close to a p-wave interaction resonance. We show that the effects of interaction near a p-wave resonance are captured by two contacts, which are related to the variation of energy with the p-wave scattering volume v and with the effective range R in two adiabatic theorems. Exact pressure and virial relations are derived. We show how the two contacts determine the leading and sub-leading asymptotic behavior of the momentum distribution (∼ 1/k 2 and ∼ 1/k 4 ) and how they can be measured experimentally by radio-frequency and photoassociation spectroscopies. Finally, we evaluate the two contacts at high temperature with a virial expansion.
Introduction. In the past decade, degenerate Fermi gases close to scattering resonances have attracted both theoretical and experimental attention [1] . In the unitary Fermi gas close to an s-wave resonance, it is understood that thermodynamic properties are universal [2] , depending only on a single function, called the "contact" [3] [4] [5] [6] . Its manifestations in physical properties have been extensively explored and confirmed in experiments [7] [8] [9] . Extension to arbitrary dimensions has been considered [10, 11] . However, so far contact has only been considered for s-waves, even though p-wave and higher partial wave resonances have been explored experimentally [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and theoretically [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] .
In this Letter, motivated by the recent radio-frequency (rf) spectroscopic data near a p-wave Feshbach resonance in 40 K [39] , we generalize the concept of contact to pwaves. In the case of an s-wave resonance, a single contact, which depends on the s-wave scattering length a s , is sufficient for the characterization of universal properties of the system. For example, the two-body binding energy is given by 2 /M a 2 s , where M is the mass of the atoms, and the effective range correction is in general small [40] . In the case of p-wave scattering, however, the phase shift is given by cot δ(k) = −1/vk 3 − 1/Rk for a short-range potential, and the effective range R is of fundamental relevance, in addition to the scattering volume v. This can be seen clearly in the binding energy of a shallow p-wave bound state
, depending crucially on both v and R. As a result, to capture the universal properties of a spinless Fermi gas around a p-wave resonance, it is necessary to introduce two contacts, related to the variation of v and R, separately. We show how two adiabatic theorems [see Eqs. (11) and (12)] can be established and how the two contacts relate to the leading (∼ 1/k 2 ) and the sub-leading (∼ 1/k 4 ) terms of the high-momentum distribution. We also show how the two contacts can be measured spectroscopically. Finally, we use a virial expansion to determine each contact as a function of T , v, and R at high temperature.
General Formulation. To start, let us consider the two-body problem, where two identical fermions of mass M interact via a short-range potential U (r) of range r 0 , tuned close to a p-wave resonance. The relative wave function in the p-wave channel can be written as ψ k (r) ≡ χ k (r)Y 1m (r)/r, where m labels the projection of angular momentum alongẑ-direction and k is the relative wave vector. For low-energy p-wave scattering, the radial wave function χ k (r) can be expanded in powers of
In the asymptotic regime where 1/k r r 0 , we fix the normalization such that the explicit form of χ k (r) [and hence χ (0) and
It is important to note that the above asymptotic forms for χ (0,1) (r) also hold for any shallow p-wave bound state in the corresponding asymptotic regime. Once the asymptotes are determined through Eq. (1), the shortrange form (r < r 0 ) of χ (0,1) (r) is completely fixed by two-body physics, due to competition between kinetic and potential energy and in particular, independent of the asymptotic wave vector k [5] .
To proceed to the many-body case, we first need to derive two important identities, relating the change of v and R to that of the variation of the potential U (r). Consider two slightly different potentials U ± (r) = U (r)± δU (r)/2, each with scattering volume v ± and effective range R ± . The radial Schrödinger equation is tial. Following the standard procedure [5, 41] , we find
where
− and similarly for δR −1 . Next, consider a spinless Fermi system of total number N confined in volume Ω with density n ≡ N/Ω ≡ k 3 F /(6π 2 ) where k F is the Fermi wave vector.
The two-body density matrix
, where ψ † (r) creates a fermion at position r, is Hermitian and can be diagonalized
The eigenvalues n α satisfy the condition α n α = N (N − 1), and the associated pair wave functions {φ α (r 1 , r 2 )} form an orthonormal set. In a rotationally invariant system, they can be further written as
where R = (r 1 + r 2 )/2 is the center of mass and r = r 1 − r 2 is the relative coordinate and r = |r|. P can be regarded as the center-of-mass momentum of a pair and j, , m label the quantum numbers of the relative radial direction, the angular momentum, and itsẑ projection respectively. Here the index α = {P, j, , m} is a shorthand for all the quantum numbers that label the pair wave function. In a single-component Fermi gas, must be odd. In the region r → 0, ϕ j (r) ∼ r +1 ; the p-wave channel has the strongest penetration inside the interaction potential U (r). As a result, we shall concentrate only on the p-wave component, since it gives the dominant contribution to the interaction energy of the system.
The pair wave function φ α (r 1 , r 2 ), and hence ϕ j (r) is not an eigenfunction of the two-body Schrödinger equation, but can be expanded in terms of the p-wave functions (setting = 1 and neglecting the subscript from ϕ j thereafter)
where {a jk , a jκ } are the real expansion coefficients, the integration is over all scattering states, and we have also taken into account the possibility of a shallow bound state with radial wave function χ κ (r) and binding energy
, when v > 0 and R > 0. Extension to multiple bound states is straightforward. An important consequence of such considerations is that, in the asymptotic region where r 0 r k
F , the form of χ k (r), and hence ϕ j (r), when expanded in power of k 2 , are identical to that of χ (0) and χ (1) . Furthermore, for r < r 0 , both are uniquely fixed by the two-body physics. Thus, when evaluating the expectation value of any short-range function such as potential U (r), χ (0, 1) can be taken out of the integration over k.
The interaction energy of the many-body system can be written in terms of ρ 2 as U =
Using the decomposition Eq. (6) and Eq. (7), we find
where we have defined two p-wave contacts C
. (10) Here the contribution from possible bound states is implicitly included in the integration over k. We note that C v,R encapsulate all the short-range correlations of the many-body system. As a byproduct, the two-body density matrix for r = r 1 − r 2 in the asymptotic regime r 0 r k
can be written as
Now suppose that the potential U (r) can be controlled via an auxiliary parameter λ, such that a small change in U (r) can be written as (dU/dλ)dλ. We can use the Hellmann-Feynman theorem and write dE/dλ = dH/dλ = dU/dλ , where H = K+U is the total manybody Hamiltonian with K denoting the kinetic energy, independent of λ. Using Eqs. (3,4,8) , we find
(12) In the simplest case of a shallow p-wave two-body bound state, the wave function in the asymptotic region 1/κ r r 0 is given by ψ κ (r) = √ R(1/r 2 + κ/r) exp(−κr)Y 1m (r) with κ = R/v. It is then easy to obtain ρ 2 (r/2, −r/2) = 2/Ω(R/r 4 −R 2 /vr 2 )|Y 1m (r)| 2 for the two-body bound state [41] . One can extract directly that C 
= −2R
2 /v, consistent with the adiabatic theorems Eq. (12) . The derivation also applies to thermal equilibrium, in which case, one should replace the energy E by the free energy F of the system and keep temperature constant [5] .
As in the s-wave case, a pressure relation and virial theorem can be found. In a uniform system, the universal hypothesis is that the free energy can be written as F (T /T F , k 3 F v, k F R) close to a p-wave resonance, where T F is the Fermi temperature. Using dimensional analysis [3] [4] [5] ,
where E ≡ E/Ω is the energy density and E is the total energy. In an external harmonic trap V (r) = 1 2 M ω 2 |r| 2 , the free energy can be written as F (T /T F , k 3 F v, k F R, ω/E F ) near resonance, and we find
where V denote the total potential energy due to the harmonic confinement. Momentum Distribution. The correlations encapsulated by the two contacts determine the tail of momentum distribution, which can be measured using time-of-flight imaging [7] . Theoretically, the momentum distribution can be obtained by Fourier transforming the single-particle density matrix ρ 1 (r, r ) ≡
While the leading term of momentum distribution is entirely determined by the internal structure of the two-body density matrix in the asymptotic regime [cf. Eq. (11)], the sub-leading term depends on the distribution of center of mass momentum P. Assuming that the distribution of P is isotropic, namely, P 2 x = P 2 /3 etc., we find that, in fact for R . In fact, the angular dependences of the momentum distribution is also not purely p-wave, but has an s-wave component. We also note that a sub-leading term in momentum distribution relating to the s-wave effective range is found in Ref. [40] .
Radio-frequency Spectroscopy. The rf coupling H rf = Ω rf drψ † e (r)ψ(r) transfers fermions into an initially empty spin state |e , where Ω rf is the rf Rabi frequency. For a perturbative Ω rf , the transfer rate can be written as
where i, j label the initial and final states, and ρ i denotes the initial state distribution. In the region
Static Structure Factor. By definition, the static structure factor S(q) = 2π i,f ρ i | f | d 3 rn(r) exp(−iq · r)|i | 2 and can be measured by Bragg spectroscopy [45] . Here n(r) is the density operator and other notations are the same as before. S(q) can be obtained directly by Fourier transforming ρ 2 , Eq. (11), and diverges linearly in the limit q → ∞. It is cut off by the short-range potential U (r) and will be limited by 1/r 0 .
Photo-association Spectroscopy.
Photo-association has been used to measure the fraction of closed channel molecules in two-component Fermi gases [46] , which is related to the s-wave contact [5, 6] .
In the case of a p-wave resonance, if the internal wave function g m (r) of the relevant excited molecule has a specific projection m along theẑ direction, namely g m (r) ∼ Y 1m (r), the transition rate is given by Γ (m)
with Ω pa the Rabi frequency and φ † m (R) the molecule creation operator.
Since usually the final molecular state has a finite decay rate γ, δ( ω
. Typically γ ∼ 10 MHz [46] , much larger than the energy scales associated with the spatial motion of the Fermi gas. As a result, when the ω of the photo-association laser is tuned to resonance, γ dominates over typical values of ω + E i − E f , and we can approximate the Lorentzian by 2/ γ,
The Franck-Condon factor can be computed once g m (r) is known. What is important here is that it depends only on two-body physics, so the many-body dependence is encapsulated in
is smaller by a factor (k F r 0 ) 2 if the excited molecular state is of extension r 0 . In the case when the photoassociation process does not distinguish between final molecular states of different m, the total transition rate will be the sum of the individual Γ (m) pa . Virial Expansion for p-wave Contacts. At high temperatures, the effects of the interaction can be taken into account by the second virial expansion [47] . The change of the free energy of the spinless fermions δF ≡ F − F 0 is given by δF/k B T = −2 √ 2N nλ 3 b 2 , where F 0 is the free energy without interactions and λ ≡ h/ √ 2πM k B T . The second virial coefficient is given by
v,R , then by the adiabatic theorems,
When
and at the p-wave resonances near B = 198.5G [12] . Here we note that while C v decreases monotonically as −E b /E F increases, C R shows non-monotonic behavior and reaches a maximum when −E b /E F ∼ 2, where it is comparable to C v , if non-dimensionalized by k F (see Fig. 1 ). The temperature dependence of the contacts C v and C R at v −1 = 0 is shown in the inset, for which C R is much smaller than C v ; the magnitude of both grows with increasing R. In the temperature regime T F T 2 /2M R 2 , Eqs. (20) and (21) give
2 ), which should be contrasted with T −1 -dependence for s-wave contact [48] . Away from p-wave resonances where the scattering volume v is small, Eq. (18) gives C v = 72π 2 N nv 2 /λ 2 and C R = 360π 3 N nv 2 /λ 4 when contribution from the deeply bound state is excluded. In this limit, the scaling C v ∼ v 2 and C R ∼ v 2 is also expected from perturbation calculations for small v [24] , which indicates the irrelevance of C v and C R in Fermi gases close to an s-wave resonance.
Discussion. Our derivation of the p-wave contacts is based on the single-channel model which does not take into account explicitly the presence of closed-channel molecules, as in the case of a Feshbach resonance. The same results shall be obtained for a two-channel model, provided that the closed-channel molecule is small (comparable to r 0 ), which is typically the case. This is because all the arguments so far depend only on the properties of the two-body wave function or two-body density matrix in the asymptotic regime, which, in our derivation, depend only on the scattering volume v and effective range R, irrespective of whether they arise from a shape resonance or a Feshbach resonance. For actual atomic systems, the van der Waals potential modifies the p-wave scattering phase shift by introducing a term α/k 2 in the effective range expansion [26, 49] . However, close to a Feshbach resonance, it was shown that α ∼ 1/v 2 , whose effects are thus negligible [26, 50] . As a result, we expect that our main results Eqs. (11) to (17) to remain true close to a p-wave Feshbach resonance.
Resonances for different |m| can be split due to magnetic dipole-dipole couplings [20] . 
